Recent work has rendered possible the formulation of a rigorous model for the propagation of pressure waves in bubbly liquids. The derivation of this model is reviewed heuristically, and the predictions for the small-amplitude case are compared with the data sets of several investigators. The data concern the phase speed, attenuation, and transmission coefficient through a layer of bubbly liquid. It is found that the model works very well up to volume fractions of 1%-2% provided that bubble resonances play a negligible role. Such is the case in a mixture of many bubble sizes or, when only one or a few sizes are present, away from the resonance frequency regions for these sizes. In the presence of resonance effects, the accuracy of the model is severely impaired. Possible reasons for the failure of the model in this case are discussed.
INTRODUCTION
Although a number of models for the propagation of nonlinear pressure waves in bubbly liquids are available in the literature, it is only recently that a mathematically rigorous derivation of suitable averaged equations has been given by CafiisCh et al. 1 In their range of applicability, these averaged equations differ only in some quantitatively unimportant terms from those proposed some time ago by van Wijngaarden on the basis of heuristic considerations, 2 and in the linear case they reduce to the pioneering results of Foldy. 3 Another pertinent recent development is a nonlinear formulation suitable for a precise description of the internal dynamics of the bubbles. 4 The combination of these two developments constitutes, therefore, the first rigorously derived mathematical model for the propagation of nonlinear pressure waves in a bubbly liquid.
As a step toward the validation of this model, in the present article we wish to examine in its light the available experimental data on linear pressure wave propagation and attenuation in liquids containing small concentrations of gas bubbles. For the sake of completeness, we also include a brief heuristic, nonrigorous derivation of the theoretical formulation.
The data we consider span a large range of bubble radii, from about 5 pm to 3 ram, and frequencies, from 20 Hz to 10 MHz. The gas volume fractions are, however, all small, from 10 -5 to 10 -2 . The picture that emerges from this study is that theory and data agree very well provided that resonance effects are not important, as is the case at all frequencies for bubble size distributions without sharp peaks, or away from the resonance frequency of bubbles in cases in which one or more bubble sizes are predominant. With resonance effects, the agreement between theory and data is less satisfactory even at extremely low gas volume fractions. In the final section, we offer some comments on these results.
I. THE VAN WIJNGAARDEN-PAPANICOLAOU MODEL
We begin with a review of the van Wijngaarden-Papanicolaou model presenting a heuristic, rather than rigorous, derivation for the sake of a greater physical insight.
The 
where R is the instantaneous radius of the bubbles and n is their number per unit volume. As will be shown presently, n must be kept constant in taking the time derivative indicated in ( 1 ). This equation is written for the case in which all the bubbles have the same equilibrium radius. Its extension to different bubble sizes is straightforward and is considered later. The bubbly medium is to be described in an average sense and P and u indicate the average pressure and velocity. Although ensemble averaging is conceptually the most satisfactory way to define these quantities, volume averaging may be referred to for a simple visualization. Equation ( 
where Pa is the gas density or, since Pa •P, pm•(1 --/g)p.
Upon substitution into (3) and rearrangement, we have 1 dp +V.u_•l d/g By use of the acoustic relation dp = c-2dP, which holds also for the average values because a linear relation between pressure and density is adequate for ordinary liquids over a very wide range, Eq. (9) is seen to coincide with ( 1 ). Again, in terms of average quantities, the momentum equation may be written + V.M = -VP, where M is the average mixture momentum flux. Using (3), this may be rewritten as The terms quadratic in u are small for the conditions previously described, and so is flu, so that this relation may be approximated by p--•-+ VP= 0, 
yp Dt yp where y is the ratio of specific heats, K the thermal conductivity, T the temperature, and v the velocity. If the bubble boundary moves with a velocity much smaller than the speed of sound in the gas, the pressure can be taken as uniform and the convective derivative with the gas velocity Dp/Dt approximately equated to p. With these approximations, Eq. 
where the definitions COo 2 = Po (Re*-2.a,), 
where the positions x• and x2 were close to the sound source. No data for the wave celerity could be taken in these cases. The bubbles were produced from hypodermic needles and other small-diameter tubing, and were therefore relatively large, with radii in the range 1-3 mm and some deviation from sphericity. The size was measured photographically.
Control of bubble size required the use of small gas flow rates, and the maximum volume fraction in this study was 1%. Bubble size control at the larger volume fractions studied was not as good as at lower volume fractions, but no quantitative statements on this point can be found in this article. The volume fraction was measured by comparing the hydrostatic head in the columm with that in a column of equal height containing pure water. The variable hydrostatic head in the tubes forced Silberman to apply corrections to this data, never amounting to more than 8%. This was not necessary for the large-attenuation data, since all of these were taken near the sound sources.
We show in Fig. 1 ours. We have been unable to find the wartime report in which that theory is described. Judging from the formulas quoted by Silberman, this theory assumes the bubbles to behave nearly adiabatically (which is reasonable for the relatively large bubbles of this study) and treats the bubbly mixture in some sort of self-consistent approximation. It, therefore, cannot be expected to be accurate for smaller bub- •4 In this case, the volume fraction was very small, fi ----0.01%, but the frequency was higher than in Silberman's work due to the use of smaller bubbles with a radius around 30/tm. These bubbles were produced by blowing air through a 0.6-/zm porous porcelain filter. The typical histogram of bubble sizes given in this article is reproduced in Fig. 11 . Here, the data have been normalized so that the integral of the distribution gives the reported volume fraction. In this study, the phase velocity of the waves was measured by comparing the phase of the received signal in a tank containing pure water with that measured in the same tank much like the one previously observed, namely, a general agreement between theory and experiment except in the resonance region, where the data are consistently substantially below the theory. In the second case, the data only cover the high-frequency region, and the discrepancy with the theory increases with increasing frequency. In this high-frequency region, the smaller bubbles in the distribution, which are very difficult to measure, play a dominant role, and it is possible that this is the origin of the disagreement. We have tried to reconcile data and theory by modifying the bubble distribution, but we found that very substantial alterations would have been needed, and we have desisted in view of the arbitrariness involved in this effort. For the small-amplitude regime to which we have restricted our considerations, more sophisticated treatments than that afforded by the linearization of the model presented in Secs. I and II are available in the literature, •7 and it is conceivable that a better agreement with the data can be obtained by use of some of those results. We have not pursued this matter because the primary motivation of this study was the desire to validate the nonlinear model by a consideration of its restrictions in the linear case. Our conclusion is, therefore, that, since it fails in this case when resonance effects are important, most likely the same will happen for large-amplitude waves. Away from resonance, our results imply that the model performs well up to volume fractions of about 1%-2%. Although this does not, of course, guarantee an equally adequate performance in the nonlinear case, it certainly is an encouraging result.
A number of nonlinear models for pressure waves in bubbly liquids have been proposed that are purported to include many more effects than those contained in the present one such as relative motion of the phases, Reynolds stresses, and others. sa•-3ø All these models, however, have been derived by more or less ad hoc procedures. The model we have considered is the only one, to our knowledge, to have a sound mathematical basis and this has been the origin of our interest in it.
